Abstract To investigate the transient aeroelastic responses and flutter characteristics of a variablespan wing during the morphing process, a novel first-order state-space aeroelastic model is proposed. The time-varying structural model of the morphing wing is established based on the Euler-Bernoulli beam theory with time-dependent boundary conditions. A nondimensionalization method is used to translate the time-dependent boundary conditions to be time-independent. The time-domain aerodynamic forces are calculated by the reduced-order unsteady vortex lattice method. The morphing parameters, i.e., wing span length and morphing speed, are of particular interest for understanding the fundamental aeroelastic behavior of variable-span wings. A test case is proposed and numerical results indicate that the flutter characteristics are sensitive to both of the two morphing parameters. It could be noticed that the aeroelastic characteristics during the wing extracting process are more serious than those during the extending process at the same morphing speed by transient aeroelastic response analysis. In addition, a faster morphing process can get better aeroelastic performance while the mechanism comlexity will arise.
Introduction
Morphing aircrafts, which will lead to the next generation of multi-mission aircrafts, have been a significant topic in aerospace research recently. [1] [2] [3] [4] [5] The variable-span wing morphing concept is to change an aircraft's wing span during flight. As a result, the wing area and aspect ratio are changeable for different flight conditions to obtain the optimal lift-to-drag ratio. Aeroelastic problems with morphing can be described as the interaction between the time-dependent/configuration-varying aerodynamics and the structure. Time-varying or transient aeroelastic responses and flutter analysis during the morphing process become very important due to the rapid and largescale morphing motion. To meet the tremendous challenges, effective theoretical models and computational methodologies should be developed.
In previous work, several researchers focused on the morphing aeroelastic problems, especially on the folding-wing (Zwing) concept. [6] [7] [8] [9] [10] [11] The continuous morphing process was divided into several steady steps in most of the previous studies, and the morphing velocity was not taken into account. The complex task conditions require the morphing process to be as efficient as possible. Hence, the steady-state analysis methods are no longer applicable for the rapid morphing process due to the time-varying characteristics of the aeroelastic system. 12 The multi-body dynamics approach was usually undertaken to obtain the equations of motion of the morphing wing. 13, 14 However, for the variable-span wing concept, the multi-body simulation fails because the wing configuration is continuous and not easily decomposed into components.
Bae et al. 15 conducted the aerodynamic and static aeroelastic characteristics analysis of a variable-span missile wing. The finite element method and the panel method were used to obtain the structural model and the aerodynamic model, respectively. Only the impact of span length is investigated. Wang HB and Wang HP 16 established an aeroelastic model based on the Timoshenko beam theory and the supersonic piston aerodynamic theory. The effect trend of the axis morphing speed on the flutter speed was discussed.
In the present study, a variable-length, Euler-Bernoulli beam model is combined with the reduced-order unsteady vortex lattice aerodynamic model to develop a first-order, state-space model for transient aeroelastic analysis of the variable-span wing during the morphing process. Effects of the changing wing span and various morphing velocities on the flutter speed and frequency are investigated. Furthermore, transient aeroelastic responses are also studied.
Structural model
A morphing unmanned aerial vehicle with different configurations is shown in Fig. 1 . In this study, half of the variable-span wing is described as a cantilever Euler-Bernoulli beam, whose length l(t) is time-dependent. The chord length is assumed to be constant along the span-wise and expressed as 2b. The half span length of the original wing is l 0 . The morphing process can be simplified as an extending or contracting process of the beam at velocity _ lðtÞ. The bending displacement in the z direction and torsion rotation about the y-axis of the wing are denote by w and h. The external loads acting on the wing are represented by a force L per unit length and applied to the symmetrical points of cross-section together with a torque M ea per unit length respectively. With the uniformity assumption, one can express the governing equations of vertical deflection and pitching motion by using the Hamilton principle, as follows:
where EI and GJ are the bending and torsional rigidity of the wing, respectively, m is the mass per unit length, x a is the distance coefficient of the gravity center to the elastic axis, and r a is the radius of gyration about the elastic axis. The boundary conditions are split into two groups: three boundary conditions come from the clamped end and the other three from the free end. The latter are time-dependent: 
To deal with the above time-varying boundary condition problem, a nondimensionalization method is proposed to translate a time-dependent item into a time-independent one.
Introduce the following basic non-dimensional parameters: 
where primes and dots denote differentiation with respect to dimensionless positionỹ and time t, respectively; a is the dimensionless half span length; _ a are the dimensionless morp-
respectively, the dimensionless bending rigidity coefficient and torsional rigidity coefficient.
The dimensionless boundary condition at the free end becomes time-independent w 00 ð1; tÞ ¼w 000 ð1; tÞ ¼h 0 ð1; tÞ ¼ 0 ð4Þ
The time-dependent governing differential equations of the beam are fourth-order nonlinear hyperbolic partial differential equations, whose exact solution cannot be easily obtained. A Galerkin method would be introduced to get an approximate solution with the aerodynamic loads in Section 4.
3. Reduced-order aerodynamic model Fig. 2 shows the aerodynamic loads acting on the airfoil with a flight speed V. The unsteady aerodynamic forces per unit length can be obtained using a two-dimensional reduced-order unsteady Transient aeroelastic responses and flutter analysis of a variable-span wing during the morphing processvortex lattice method. 17 The model of unsteady vortex lattice describes the unsteady aerodynamic forces in time domain, which is not limited to the assumption of harmonic motion. 18 In the unsteady vortex lattice model, the airfoil is divided into M elements representing the bound vortices, and the wake is divided into N À M elements as the free vortices. The total number of vortices on both the airfoil and the wake is N. The element are all of equal size Dx in the streamwise direction. The most important boundary condition requiring zero normal velocity across the solid boundaries can be expressed as a dimensionless form
where the vectorW 3=4 represents the dimensionless downwash at the collocation points of the vortex elements on the airfoil section.C b andC w are the dimensionless strength vectors of the bound vortices and the free vortices, respectively. The kernel functionsK b andK w can be defined by using Biot-Savart's law.
The aerodynamic governing equations in continuous time domain can be written as
where V 0 = V/b is the dimensionless flight speed, Dx ¼ Dx=b is the dimensionless element size, and I is a unity matrix. A lot of attentions are paid to reduced-order models for applications in aeroelastic systems. 19 A modal reduction method for extracting the most important aerodynamic modes is used in this study.
The unsteady solution can be decomposed into two parts. One takes the static effect of the neglected eigenmodes, and the other determines the dynamic part, i.e.,
where W R is a (N À M) · R matrix whose columns are the R columns of the eigenvectors of the matrix A À1 c B c corresponding to the first R eigenvalues most close to the origin. q is the new generalized coordinate vector. The static correction itemC s can be expressed in the following form
where
c , K R is an R · R sub-matrix whose non-zero entries are those of the eigenvalue matrix of A À1 c B c corresponding to the R retained eigenvalues, and U R is a matrix whose column of the left eigenvectors of A À1 c B c corresponding to the first R eigenvalues most close to the origin.
By using the unsteady Bernoulli equation, the unsteady lift L and the moment M ea can be written as
wherex vb;i is the dimensionless location of the ith bound vortex,C b;i is the dimensionless strength of the ith bound vortex. a is the distance coefficient of the mid chord to the elastic axis, and q a is the air density.
On the basis of Eq. (9), the right-hand side terms in Eq. (3) can be rewritten as
is the mass ratio, and tril(1) M·M is a lower triangular matrix whose nonzero elements are all equal to 1. At the collocation points of the vortex elements, the downwash velocity arising from the unsteady motion of the airfoil can be written as
where D a ¼ ðx c;1 À aÞ ðx c;2 À aÞ Á Á Á ðx c;M À aÞ ½ T , andx c;i is the dimensionless location of the ith collocation point.
Combining Eqs. (5), (7), (8) with Eq. (10), the aerodynamic loads can be expressed as the following forms
where the coefficients H 1 $ H 5 , J 1 $ J 5 , and the matrices H 6 , H 7 , J 6 , and J 7 are listed in Appendix. 
State-space aeroelastic model
The dimensionless aeroelastic equations can be obtained by combining the aerodynamic loads and the structural model. By introducing the modal analytic techniques, the bending and torsion deformations can be represented in the terms of truncated series, 20 as follows:
The governing equations may be rewritten in terms of the mode shapes as the following
Using Eqs. (12) and (13), the right-hand side terms of the above equations are expressed as follows
Using the Galerkin method, multiplying the first equations of Eqs. (14) and (15) by v T and the second equations of Eqs. (14) and (15) by H T , integrating over the dimensionless span, while taking into account the initial conditions, the governing equations can be written in a matrix form as
T is the vector of the generalized structural coordinates, and the terms of the above matrices and vectors are defined in Appendix. Especially, for Eq. (6), combined with Eqs. (7) and (8), the aerodynamic governing equations are recast into the following forms
where I R is a R · R identity matrix. Substituting Eq. (13) into Eq. (11), neglecting the higher-order derivative terms, multiplying both sides by H T , and integrating over the dimensionless span, the downwash velocity can be rewritten as
and the matrix A 13 is list in Appendix. Substituting Eq. (18) into Eq. (17), one can obtain the aerodynamic governing equations as
Based on Eqs. (16) and (19), a first-order aeroelastic statespace model is developed and can be expressed as 
In the present study, the flutter analysis of the variable-span wing with different configurations a(t) and different morphing velocities _ aðtÞ will adopt the generalized aeroelastic analysis method, 21 and the governing equations can be written as
The eigenvalue solving method in MATLAB is used to determine the system stability of the morphing wing. The aeroelastic formulations have the state-space form which is suitable for the use of the MATLAB ordinary differential equation solver. 22 
Numerical results

Solution verification
Given that the current aeroelastic model for a variable-span wing configuration is relatively complicated, various special cases in which the system reduces to something more familiar have been compared with known literature solutions. In the present study, the special case of a(t) = 1 and _ aðtÞ ¼ 0 is computed according to the parameters used for the Goland wing. 23 The bending and pitching mode shapes of the wing are introduced by Hodeges and Pierce, 24 and the first fourth-order modes are used for aeroelastic analysis. The reduced-order model of aerodynamics is constructed by using a total of 20 eigen modes. The flutter speed and frequency of the current model are 133 m/s and 72.7 rad/s, respectively, which are compared with 137 m/s and 70.7 rad/s of the original Goland wing. The error relative to that given by Goland is less than 3%.
Flutter analysis of a non-morphing wing
A test case is considered to demonstrate the results of the model and analysis. The parameters listed in Table 1 are representatives of a physical model when the wing span is nonmorphing. The full extension reaches up to 50% increase in wing span relative to the original configuration, i.e., a(t) e [1.0, 1.5]. The absolute value of the dimensionless morphing velocity _ aðtÞ can vary between 0.1 and 0.5, i.e., the morphing process can proceed from 10 s to 2 s. Furthermore, the morphing process is assumed as a uniform motion.
The flutter speed of the non-morphing wing is 77 m/s and the flutter frequency is about 149.6 rad/s. Fig. 3 shows the root loci as a function of airspeed between 1 m/s and 100 m/s. For clarity, only the region near the origin is presented. The influence of velocity on the aerodynamic eigenvalues is regular. Meanwhile, the tendency of structural eigenvalues with airspeed increasing is evident. The flutter mode is the second mode.
Flutter analysis for different wing span lengths
Figs. 4 and 5 show the flutter speed and frequency varying with the length of the wing span, and the transient morphing speed is assumed as zero. From the original configuration to the fully extending wing, both the critical flutter speed and frequency decrease significantly, the flutter speed drops from 77 m/s to 34.2 m/s, and the flutter frequency from 149.6 rad/s to 66.5 rad/s. Meanwhile, the descending speed becomes slow when the wing span increases. The flexibility of the wing is arising when the aspect ratio increases during the morphing process, which is the most important influencing factor on the aeroelastic characteristics of a variable-span wing. The flutter mode does not change because the cross-sectional variations are ignored in this study.
Flutter analysis for different morphing speeds
In this case, the impacts of the morphing speed to the flutter characteristics are considered as the configuration is fixed. Two configurations with a wing span of 1.1 times and 1.4 times of the original span length are studied, respectively. The dimensionless morphing speed _ aðtÞ varies between À0.5 and 0.5, and the wing is at a contracting process when _ aðtÞ is minus. Figs. 6 and 7 show the flutter speeds for different morphing speeds in the two configurations. As a result, the flutter speeds Table 1 Basic data of the variable-span wing. increase in both configurations with the increasing of the morphing speed. Taking into account the ascent speed of the flutter speed, one can find that the impact of the morphing speed on the aeroelastic characteristics is more serious in the shorter wing length configurations than in the longer ones.
Figs. 8 and 9 indicate the root loci as a function of airspeed at the highest morphing speed in both configurations, and one can find that the starting points of the root loci move away from the image axis farther, which indicates that the structural properties change with the morphing speed. Let us recall the aeroelastic governing equations, i.e., Eq. (16) and Eqs. (A15-A22). In mathematical terms, the impacts of the morphing speed _ a on the aeroelastic system are reflected in the structural damping matrix C s and the structural rigidity matrix K s . The influences on the structural stiffness would be neglected as the terms k 2 w A 7 and k 2 h A 11 , which are the structural rigidity matrix terms of a non-morphing wing, are three orders of magnitude larger than other terms due to _ a. However, in the matrix C s , the terms are proportional to the morphing speed _ a if the wing length a is fixed. A faster morphing speed would lead to an increase of structural damping during the wing extending process, which would delay the flutter phenomenon occurring and lead to an increase of the transient flutter speed. This tendency would reverse during the contracting process as the morphing speed _ aðtÞ is minus.
Transient aeroelastic responses
The Considering the impacts of the morphing speed, the tip vertical displacements and tip twist are calculated during the morphing process at the flight speed of 50 m/s. The extending and contracting processes at different morphing velocities are studied, respectively. In Figs. 12 and 13, the dimensionless tip vertical displacements and tip twists during the morphing Fig. 7 Flutter speed vs. morphing speed (a = 1.4). process with a morphing speed of j _ aj ¼ 0:2 and morphing time of 5 s, as well as the responses after the morphing process, are analyzed for 2 s. During the extending process, the flutter phenomenon occurs after the critical span length a = 1.24, i.e., flutter delays. In Section 5.4, one can notice that the positive morphing velocity leads to an increase of the flutter speed, and the amplitudes of responses become so small before the critical span length that, after the flutter point, the divergence process of the oscillations would be slow, which would not be obvious in the figures. During the contracting process, the flutter phenomenon would not disappear after the critical span length a = 1.24, and the amplitudes of responses grow fast before the critical points, as the flight speed is much higher than the flutter speed at the initial time when the span length is 1.5l 0 . In this study, we can also notice that changing the wing span length would be an efficient approach for flutter control.
Figs. 14 and 15 show the time histories of oscillations when the morphing speed increases to j _ aj ¼ 0:5. The trends of responses are similar to the last case. The amplitudes of the responses are smaller than those at a morphing speed of j _ aj ¼ 0:2, which means that faster morphing would improve the aeroelastic response characteristics. However, the energy consumption would be much higher, which leads to more complex actuators and morphing mechanism being needed.
Conclusions
(1) A first-order, state-space aeroelastic model for variablespan morphing wings has been developed by combining a variable-length Euler-Bernoulli beam model with a reduced-order unsteady vortex lattice model in this paper. It takes into account the impacts of changeable wing span length and various morphing speeds on the aeroelastic characteristics. (2) The numerical examples show that the critical flutter speed of the variable-span wing is very sensitive to the span length since it has remarkable effects on structural rigidity properties and aerodynamic characteristics. The flutter speed increases with increasing morphing speed during the extending process, while decreases during the contracting process. That's because the morphing motion can change structural rigidity properties and structural damping which have strong effects on the flutter characteristics. (3) In addition, the transient aeroelastic responses during the morphing process show that the morphing technology would be a potential flutter control approach to enhance flight quality. 
